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Abstract. Let F be a finite field of odd cardinaUty, and let G = GL2(F). The group G X G X G acts on ® ® F^ 
via symplectic similitudes, and has a natural Weil representation. Answering a question rasised by V. Drinfeld, we 
decompose that representation into irreducibles. We also decompose the analogous representation of GLofA), where A 
is a cubic algebra over F. 

Introduction 

Let F be a finite field of odd cardinality q, let W be a symplectic vector space over F of dimension 2n with form 
(, ). The Heisenberg group H{W), attached to W and F, is a set W © F with the group law; 

(w, t)(w', t') = (w + w' , t + t' + — ^ — ). 

Let Sp(W) be the isometry group of (, ). Define a semi-direct product group Sp(W) x H{W) by 

[g. (w, t)] ■ [g', (w', f')] = [gg\ (w, t) + {g- w', t')]. 

Fix a non-trivial character t/r of F. According to the Stone- Von Neumann theorem, there is only one equivalence 
class of irreducible complex representation ai^ of H{W) with central character xp. By Weil's celebrated paper [W], 
in fact 0)^ is a representation of Sp(W) k H{W) in the finite field case. The restriction of co^ to Sp(W), now is 
well-known as the Weil representation. For our purpose, we extend it to the symplectic similitude group GSp(W) 
by setting p = Indgp^'jJ,^' a>^, which does not depend on the choice of iji [cf. [Ge], [Sh]]. 

The initial question raised by V.Drinfeld, in the finite field case, is understood roughly in the following way. 
Now assume dim/r W = 8, and fix a canonical basis of W. Let p be the Weil representation of GSpg(F). Let F^ 
be a vector space over F of dimension 2, endowed with the canonical symplectic form. The group G - GL2{F) 
acts on it via symplectic similitudes. Consider F^ ®F^ ® F^ endowed with the symplectic form induced from F^. 
It gives rise to a map from G x G x G to GSpg(F). So we can define a Weil representation n for G xG xG via 
the restriction of p. The question is asked about the quotient of n. Does it contain the representations of the form 
cr (g) cr (g) cr for any irreducible representation cr of G? 

In this paper, we answer this question and also consider its variant version. To be precise, suppose now that 
E/F (resp. K/F) is a field extension of degree 2 (resp. 3). Take A to be an etale algebra over F of degree 3, so A 
is isomorphic to one of the algebras FxFxF, FxE,K. We shall construct a homomorphism from GL2(A) to 
GSpg(F). IfA^FxFxF, then GL2(A) = GL2(F) x GL2{F) x GL2{F). This goes back to Drinfeld's question. 
If A - F X E, then GL2(A) = GL2(F) x GL2(£'). By Weil's Galois descent theory, we construct a quadratic vector 

— \\x,y e F,a e E] over F of dimension 4, with the quadratic form q defined by the determinant 

of the matrix. There is a map from GL2(£') to GO(^), which is defined hy h ■ m - hmh , where h e H,m e M and 
—t ~ 

h is the conjugate transpose of h. So F (g) M is a symplectic vector space over F of dimension 8, and there is a 
map from GL2(F) x GL2(£') to GSp8(F). If A - K, in this situation, we also need to use Weil's Galois descent 
to construct a map from GL2(A') to GSp8(F). For each case, the map GL2(A) to GSp8(F) leads us to define a 
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representation tt := pIglt(A)- Namely the main purpose of this paper is to obtain the complete decomposition of 
this representation, and relate it to Shintani lift for GL2. 

Our main results may be formulated as follows. For the group G = GL2iF), we write Ic for the trivial repre- 

a 0\ ^, „ , a b\ 



sentation of G, Stc for the Steinberg representation of G. Let T = e G), B - {^^ e G). IfxuXi are 

two characters of F^, they will bring a character of xi '^Xi of T defined by ^ 1 — > xi (o)X2(d). We will denote 

the principal series representation Ind^;(fi (gixi of G by 7r^i,x2- If ^) is a representation of G and i/r a character 
of F^, we define another representation {if/ ■ cr, V) of G by setting ■ o-(g) - iA(det g)a-{g). Let Irr(G) denote the 
class of all irreducible complex representations of the group G. Let L be a field extension of F. By Shintani's work 
[Sh], one knows that there exists the base-change map Bci/f : Irr(GL2(F)) — > Irr(GL2(L)), which is determined 
by character equalities. 

Theorem (1). IfA^FxFxF, GL2(A) = GL2(F) x GL2iF) x GL2(F), then 

7r= ^ 0- (g) o- (g) O- e ^ (iA-StcOA-lclSliA-lG) © (lA-lc^lA-StciaA-lG) ffi (l/'•lc®lA■lG®lA■StG))■ 
o-eIn-(GL2(F)) i/<eIiT(F>=) ^ ' 

Theorem (2). IfA^Fx E, GL2(A) = GL2(F) x GL2(£'), f/ien 

7r= o-(g)Bc£/f(o-)® ((AStG(8)^-lH). 

o-eIiT(GL2(f)) i/(eIn-(F''),'PeIn-(£=<),'y=i/<oNi7f 

Theorem (3). //A = GL2(A) = GL2(/:), then 

TT = Bc^/f (cr). 

o-£ln(GL2(F)) 

Theorem (1) is obtained mainly by using the method in [A] to decompose a reducible representation. In [A], 
Andrade considers higher rank groups. Now, let G = GL2(F). We first formulate the explicit expression about 
the representation tt of G x G x G concerned in this case. This can be done by following Gerardin's work on 
the Weil representation for the group Sp9„(F) [cf. [Ge]] and also Shinoda's paper for the symplectic similitude 
group GSp2„(^^)[cf. [Sh]]. Then we take two irreducible representations tti, 7T2 of G, and determine the dimension 

of HomixGxG ® ^2)- A key ingredient is that n is in fact a representation of the group ^ x G x G^ x S i. 

So if we put 'RcxCxg{^) - {^1 ® :^2 ® ^i] Homcxcxc {^^ ni®n2® + 0), then by Clifford's theory, '/?gxGxg(^) 
is S's-invariant. This together with the above calculations about the dimensions allows us to prove the Theorem (1). 

For the Theorem (2), in this case, put G = GL2(F), H - GL2(£'). Similarly, we first write down the Weil 
representation ir of GxH. We also determine the dimension of the set Homix// (n, II) for any EL e ln{H). But it is 
not enough in this situation. It requires us to formulate the action of G on it and decompose it as a representation 
of G. We deal with this by checking the irreducible representation 11 of i/ one by one. The main difficulty is when 
n is cuspidal. For that case, we use the explicit models given by [A]. 

The etale algebra A = K is an interesting new case. Set G = GL2{K). First we use Weil's Galois descent to 
construct a map from G to GSp(W). Let V - he the vector space over K of dimension 2, endowed with a 
canonical symplectic form (, }v- Consider the vector space W = K- ® K- ® K- over K of dimension 8 with the 
symplectic form (, )w induced from K^. Now the Galois group Gal(A'/F) acts on it, at the same time we twist 

this action by permuting the three variables. Denote by W = [K ® K ® K \ the invariant set. One can 

verify that W is a vector space over F of dimension 8, endowed with symplectic form inherited from W. Go 
back to the first case. There is a map from G x G x G to GSp(W). Similarly we also consider the Galois action 
on G X G X G twisted by permuting the three variables. The fact is that G is its invariant set. So it allows us to 
construct a map / from G to GSp(W). Through this map, we shall define a new Weil representation for the group 
G. While the explicit realisation of this representation is somehow complex, this causes the difficulty to study 
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its irreducible components. One point is that the map / sends the Borel subgroup of G to that's of GSp(W), so 
by applying the Frobenius Reciprocity Theorem, it is not hard to calculate the dimension \{omc{7i,Ti^^^)^^ for 
the principal series representation Tr^^,.^, of G. For the irreducible principal series representation, it is enough and 
for the trivial representation, we deal with it directly. Then we use a technique-base change, to settle the case 
of cuspidal representations. We should mention that this method has been used in Gan's paper [Gan] to obtain 
Howe correspondences for exceptional groups. This still is largely due to the facts that the image of an irreducible 
cuspidal representation of G will be a principal series representation under the quadratic base change [cf. [Shin]], 
and the Weil representations are invariant with respect to Shintani lift[cf. [HW]]. So finally it reduces to the 
previously known case of a non cuspidal representation of GLtiK x K® E). 

The paper is arranged as follows. The first section is devoted to giving some notations and recalling some known 
results that will be used in this paper Some results of the Weil representations of the groups S p2„ and GSp2„ 
will be reorganized in this section[cf. [Ge], [MVW], [Sh]]. We also recall the classification of the irreducible 
representations of GL2[cf. [A], [BH], [P-S]], the lifting of the representations of GL2[cf. [Shin]] and the behavior 
of Weil representations with respect to Shintani lift[cf. [HW]]. In the second section, we consider the etale algebra 
A = F X F X F. The main part of this section is to determine the dimension HomixGL,(F)xGL,(F) ® ^2) for 
any ;ri,;r2 e Irr(GL2(/^)), where n is the Weil representation of GLoiF) x GL2{F) x GL2(F) in this case. In the 
third section, we deal with the case A - F x E. In the fourth section, we consider the case A = K. We start with 
the explicit expression of the Weil representation n of GL2(K) based on the map from GL2{K) to GSpg(F). The 
purpose of this section is to describe the isotypic components of n. We first do it for induced representations, then 
for cuspidal representations. We put some calculations in two appendices. 

Acknowledgements. The paper is one part of the author's Ph.D thesis. The author would hke to thank his advisor 
Professor Guy Henniart for inspiring communications and useful comments. 

1 . Notation and Preliminaries 

1.1. The following notations will be standard through the whole paragraph, and they will be used repeatedly 
without recalling their meanings: 

• F - a finite field with odd cardinality q; 

• E - the field extension of F of degree 2; 

• K - the field extension of F of degree 3; 

• (p - a fixed non trivial character of the additive group F; 

• (f)"- the character of F, defined by (f)"{b) :- (p(ab) for b e F, a e F^; 

• Xa - the set of all non trivial irreducible complex representations of an abelian group A; 

• Rep(G) = the category of complex representations of a finite group G; 

• Irr(G) = the class of all irreducible complex representations of a finite group G, up to isomorphism; 

• o" = the contragredient representation of cr for any cr e Rep(G); 

• If (cr, V) is a representation of G, then we will denote its G-invariant set by V*^. 

1.2. For later use, we recall some notations and properties about the Weil representation of GSp2„ (cf. [Ge], 
[MVW], [Sh]). 

Let V be a 2n-dimensional F-vector space, endowed with a non-degenerate symplectic form ( ). For each non 
trivial character t// of the additive group F, one can associate the Weil representation {a>i),, W^) of the metaplectic 
group Mp2„{F) (cf. [MVW], chapter 2). The exact sequence 

l-^C""-^ Mp2„(F) ^ Sp2„(F) 1 

is spUtting. Except n - I, F - F3, the group Sp2„(^^) is perfect, so there exists a unique section-morphism / from 
Spo„(F) to Mp2„(F), such that p o i - Idsp, (/?). In the case n - \, F - F3, we choose a certain section ; in the 
sense of Gerardin [cf. [Ge], p. 63]. Via the map ;, one obtains a representation {u^, W^) of Sp2„(^^) respect to if/, 
called the Weil representation. One can extend it as a representation of GSp2„(F) by setting - Indj^''-^'^'^^' a>^. It 
is observed that is independent on ip (see [Sh], Theorem 2.15). Hence we could omit if/, only write p briefly. 
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The study of the Weil representation often involves an explicit model on which the representation is realized. 
We recall a natural model: 

Let y - y+ ffi y_ be a complete polarization. Let {vi,...,v„} be a F-basis of V+, and {v\,...,v'J 
its dual basis. Every element g e GSp(y) can be written in the following form: ^ = ('^ ^| where 



\y 6j 

a e End/7(y+), ji e Homf(V-, V+), y e Homf{V+, V-), 6 e End/r(y_). The group GSp(y) is generated by the set 
{/i(fl), m(/7), /2'(f), <y} (see [A], p. 163), where /!(fl) = j , is the contragredient of a; m(^7) = for a 

symmetric morphism b e Hom^ (y_, y+); h'(t) - ^) ' ^ ^ ~ ( o) "^^^^ '^(^'') ~ ""^i' ^(^;) - The 

Weil representation p of GSp(y) can be realized in the space W- = C[V- x Xf] of complex functions on V- x Xf. 
More precisely the action of GSp(y) on W- is determined by the following formulas (cf. [Sh], p. 270): 

(1) (pihia))F)(y,i/r) ^x^,idetv,a)F{a'-'y,ijf), 

(2) (p{u{b))F){y, Iff) = ilf{]^{by,y))F{y, ij,), 

(3) {p{u)F){y,i^) = yir-^Y" ^ F{z,,^),p{{z,a>-\y))), 

(4) {p{h'{t))F){y,ilf)^F{y,^"), 
where y 6 y_, € Xf,y{i(f) = 2 teF - Legendre symbol {—). 



1.3. We sum out some knowledge about the irreducible representations of the group GL2(F) and its Borel sub- 
group B (cf. [BH], chapter 2 and [P-S]). 

We write G.GL,(nz^ = {(;; ^ G), = {(j e G), T ^ 2) ^ ^1' ^ = '(o ^ G}, Z ^ 

'(o ^) ^ '^^''^^^ ^^^^ ^'^ '■^^ trivial representation of G, and Stc is the Steinberg representation of G. Let 

be a regular character of E^. The irreducible cuspidal representation of G that corresponds to 9 will be denoted 
by TiQ. If (cr, y) is a representation of G and ^/r a character of F'^, we define the representation (i^ ■ cr, V) of G by 
lA ■ o-{g) = (ACdet g)cr(g). 

Proposition 1.1. The following is a complete list of the isomorphism classes of the irreducible representations of 
G: 

(1) 7Tj^i^^^ where x\ ^ X2 ore characters of F^; 

(2) []/■ \c where tfi ranges over the characters of F^; 

(3) i/'-Stc where tfr ranges over the characters of F^; 

(4) TTg where 6 ranges over the regular characters ofE^. 

The classes in the list are all distinct except that in (1) Ttxi,xi ~ ^xi,xi' '^^'^ in (4) jTg ^ Uffi. 

Now we investigate the representations of the group B. Let cr^^^^^ be the character of B, which is defined by 

'^xi,X2{ !/j ) ~ Xiio)X2{d)- Let cr be the unique irreducible representation of M of the highest dimension and 

(/r a character of F^. Attached to cr and if/, there is an irreducible representation tf/^cr of B, where (if/ ® cr){zm) :- 
if/(z)cr(m) for z € Z, m E M. 



In [Sh], the (j is defined as oj{Vi) = v'., a){v'-) = -v,, but it does not affect the following equation (3). To obtain (3), we use the equality: 

r(iA^r"4(-i)" = r(r^r"- 
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Proposition 1.2. The following is a complete list of the isomorphism classes of the irreducible representations of 
B: 

(1) cr^,,^2 fi"" '^^y P'^''' (Xi^Xt) of characters of F^; 

(2) ij/®a for any character t]/ ofZ. 

For convenience use, we describe the decomposition of the restriction to B of any irreducible representation of 

G. 

Proposition 1.3. (1) Res^(i/f-lc) = ctia,^- 

(2) Resg(l/' ■ Stc) = cr^.^ © 1/^2 (g) cr. 

(3) Resg(;r^,,^2) = cr^,,,;^, ® cr,,,,^, e XiXi ® o"- 

(4) Resg(;re) = Oy. ® cr. 

Proof See the table in [[A], p. 87]. □ 

1.4. Let L be the Galois field extension of F of degree n. One knows that there exists the base-change map 
Bc/,//7 : Irr(GL2(/^)) — > Irr(GL2(L)) [cf. [Sh]]. Now we describe the explicit behavior of this map in terms of the 
classification of the irreducible representations of the group GL2 in the case « = 2, 3. 

Proposition 1.4. (l)If[L : F] = 2, 

(0 Bc/,/f (TTfi^f,) — He,, =2 where H,- = ^/ o Hijf as characters of L^, for i — 1,2; 
(//) Bc/,/f (i/r ■ 1gl2(F)) — ^ ■ 1gl2(L) where m - ip o Ni/f as characters of L^; 
(Hi) Bci/f(ip ■ StGL2(F)) = ^ ■ StGL2(L) where *P = i/r o Ni/p as characters ofL^; 
(iv)BcL/F(^e) = ^e,ei- 
(2)If[L:F]^3, 

(0 Bcl/f{7T^^^^^_) — nEj_H2 where B, = ^/ o Ni/f as characters ofL^Jor i — 1,2; 
(ii) Bci/f{i// ■ 1gl2(F)) — ^ ■ 1gl2(L) where m - i]/ o Ni/f as characters of L^; 
(Hi) Bci/f{ip ■ StGL2(F)) = ^ ' StGL2(i) where ^ - if/ o Ni/f as characters of L^; 

{iv)BcLiF{ng) = n@where [Fi : F] = 2, [Li : L] = 2,Li 2 Fi,0e Irr(Fp-Irr(F^), e Irr(Lf)-Irr(L^), and® = 
S°^L,/Ff as characters of L^. 

Proof See [[Shin], Section 4, p. 410—414]. □ 

1.5. In the article [Gy], Gyoja generalizes the map of base change of GL2 to connected linear algebraic group, 
called Shintani lift. We will recall his results below. In addition, we also present one main result in [HW] about 
the behavior of the Weil representations with respect to Shintani lift. 

Let F be a fixed algebraic closure of F with Frobenius map cr. Let G be a connected linear algebraic group 
over F. Denote by F, the cr' -fixed points of F. Let F be a set on which there exists a cr-action, we denote the set 
of cr-fixed points by Ya-. Denote by G(F,) the /^/-geometric points of G and C(G(F,)) the set of complex valued 
class functions of G(F,). Fix a positive integer m. Via the map Gal(F/F) Gal(F„,/ F), we view the Frobenius 
element cr as one generator for the group Gal(F„,/ F). For < / < m - 1, let us denote by cr' « G{F,„), the subset of 
the semi-direct product Gal{F„JF) x G(F„,) consisting of elements {cr',g) for any g e G(F„,). In the article [Gy], 
Gyoja constructs the norm map N, in the following way: 

Ni : (T- K G(F,„) G(F); 
[0-', x] ^ a(x)[xo-'{x) ■ ■ ■ a-'(^-^\x))a(x)-\ 

where a(x) is an element in G(F) such that a{x)^^(j^(a{x)^ = xcr'{x) ■ ■ ■cr'''"'\x) and d, t are integers given by 
d = (m, i) and ti = d{ mod m), here (m, /) denote the greatest common divisor of natural numbers m and /. 

The above norm map induces a bijection from the set of G(F,„)-conjugacy classes of cr' k G{F,„) onto the 
set of conjugacy classes of G{F„)a-i - G(F(,„,,)). Through the norm map, one defines the /-restriction map from 
C(Gal{F,JF) K G(F,„)) to C(G(F(„,o)V such that (i-resif)) o N; = /U,.g(f,„) for any / e C{Gal{F,JF) x G(F,„)). 

Lemma 1.5. (i) For any f,g e C(G{F„,)^i), we have {f,g)G(F,„)^, = </ ° Ni,g o Ni},ri^G(F,„), where (f, g}G(F(„j^) 

lG(f^ 2xeG(F„„,o) f(x)W) and if o Ni, g o Ni}^,^G(F,„) := |^,,g(F„,)| 2feG(F,„) fiNiio-', t))g{Ni(o-', t)). 
(ii) The i-restriction defines an isomorphism C{Gal(F,„/ F)G{F„)) ^ ffi™g'C(G(F„,)o-Oo- 
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Proof. See [[Gy], p. 1 Introduction and p. 1 1 Corollary 3.3]. □ 

Lemma 1.6. Let H be a connected closed subgroup of G defined over F. Then the following diagram is commu- 
tative 

Res 

C{G^\{FJF)xG{F,„)) C{Gs\{FJF)xH(F,n)) 



Res 

C(G(F(„,,o))^ > C(//(F(,„,,)))<, 

Proof See [[Gy], p. 12, Lemma 3.6]. □ 

Now let G = GSpy the algebraic group of isometry of similitudes of a symplectic vector space V over F. For 
< / < m - 1, write 'B.f^^^.^ for the Weil representation of GSpy(F(,„_,)) 

Theorem 1.7. There exists a unique representation H/r^,^ of the group Ga.l{F,„/ F)GSpy{F„,) such that i-res('B.p^J— 
'^Ffmi) < ; < m — 1. 

Proof. See the main theorem in [HW]. □ 
2. The decomposition of the Weil representation of GL2(F) xGL2(/^) xGL2(/^) 

2.1. We give some notations, and formulate the main representation that will be studied in this section. 

la b\ ^, ,/l b 



In this section, we use the following notations: G = GL2iF), H = GxG, B-{\q e G], N - E 
a 0\ _ ,/fl 0\ ^, (r 0\ /I b\ /l 0\ , /O l\ 



G), r . e G}, Z . e G|; = ^Q uib) = J, = J, = 

w = ^ elements in G, 53 - the permutation group of 3 variables. 

Let y be a vector space over F of dimension 2, endowed with a non-degenerate symplectic form (, ). Let 
{ei, 62) be a canonical basis of V i.e. (ei, 62) = 1, (^2,^1) = -1. We attach the vector space V®-' = V V V 
with the natural symplectic form (, ) (8 (, ) ® {, ) induced from V, so there exists a homomorphism p from 
( GSp(y) X GSp(y) X GSp(y)) x 53 to GSp(y®^^). The above group 5 3 acts on y (» y ® y by permutation. By the 

fixed basis {ei, 62! of V and {e,- (g) ej (g) e^ll < i, j, A: < 2} of y®-', we could identify the group G with GL(y), and 
also the group GSp^(F) with GSp(y®^). 

Let p be the Weil representation of GSp(y®''). Through the above morphism p, it gives rise to a representation 
7i' of the group ( GSp(y) X GSp(y) xGSp(y)) X 5 3. Let 7T denote the restriction representation of n' to the subgroup 

GSp(y) X GSp(y) X GSp(y). Write +y®^ = {jc 6 y®^|x e Fei ® y (g) V], -y®^^ = (y e y®^|y € Fe2 ® y ® y). 

Every element y e ^V^^ has the form y - y^j,^, fl//te2 ® e; ® et, which corresponds to a matrix m = C^" '^'^ |. 

So we could identify _y®'' with the matrix ring MiiF) as vector space over F. The representation tt of the group 
G xG xG can be realized in the vector space W = C[M2{F) x Xf] of complex functions on MiiF) x Xf. 

Proposition 2.1. The representation {n,G xG xG, W) is given by the following formulas: 

(5) (7r[/i(fl),l,l]/)(m,iA) = /(flm,.A), 

(6) {7:[u(b\ 1, l]/)(m, lA) = ^{b det(m))f(m, ifr), 

(7) (;r[/z'(r),l,l]/)(m,^)=/(m,^''), 

(8) (4w,l,l]/)(m,tA) = ^"' 2 il,(B(m,n))f(n,i/,) 

n£M2(F) 

(9) (7r[l,g2,^3]/)0«, (A) = /(det(g2^3)^2''«^3"' ^'''"^''''^") 
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where g2,g3 & G,m E MiiF), g'^— the transpose of g^, B(m,n) — mi\n22 + 'W22nii - 'Wi2n2i — ni2\ni2for m 



\m2i 11122 \n2i n22 



Proof. The formulas (5) — (8) come directly from the formulas (1) — (4) in Section 1. Consider now the formula 

(9) . Recall, for g e G, g-ei :- (ei,e2)^^Qj andg-e2 := (ei,e2)^^^j- By the fixed basis {e2'^ej®ek\l < j,k < k <2], 
we obtain g2 • '« := gi^g'^ ^ot g2,g3 e G,m e M2{F). Then 

(.[l,.2,.3]/)(^,^) detL))^^^ det(,2 J-.2« 

e<,uaUty(4Hnsect,o„l //^2®^3 ^defe,,,)- ) 

^\\ det{g2g3)-^g2®g3ir ^ 

equalUy (l^n seCon 1 ^^^^^^ ^ ^^^^^^^^-I ^ ^-1 ^^^^^^^^^ . ^de^.^r' ) ^ /(det(^2^3)^2 '-^3 ^'^^''^^^'^^ ). 

□ 

2.2. To decompose the representation n, it involves to describe the 1 x G x G-invariant part of the vector space 
W. 

We consider the set >S - {{ni, n2)\ for / = 1,2, (;r,-, V,) e Rep(G) such that (tti ® 7r2)lz = Wy, x v, ). For each pair 
(7ri,;r2) 6 S, it determines a representation (tti ® n2, Vi igi V2) of the group H. We write Irro(//) for the set of 
isomorphism classes of all irreducible representations (tti ® n2, Vi ® V2) of H for which (tti, ;7r2) e S. 

Now we concentrate on the decomposition of the representation (tt, GxGxG, W). Following the method in [A], 
we first associate a representation (tt^, G, W[7ri (8 7r2]) for any representation tt i ® 7:2 e Irro(//), where the vector 
space W[7Ti ® ;r2] consists of all functions / : M2{F) x Xf — > Vi ® y2 such that : 

(10) /(det(gig2)^r''«^2 'p'"^''''-^" ) = (TTiCgi) ® 7r2(g2))/(m, (A), 

for (^1,^2) € //, OT e M2iF),tfr e X/?; and the action of G on W[7r[ ^712] is given by the formulas (5) — (8) in 
Proposition 2. 1 . 

Proposition 2.2. For the representation {7t,G,G x G x G), we have the following decomposition: 



W ^ W[ny ® 712] ® Vi ® V2. 

7riSi7r2eIrro{H) 

Proof. The Weil representation (tt, W) of GxGxG has the following decomposition W = ®7i, ^TT.ein-oiH) W„,0„,(SiVi(S 
y2 and we have the identification of vector spaces W;ri»;r, - ® ^2)^]"*'^^'^ ^ HomixcxcC^, C® Vi ® V'2) - 

W[Vi ® V2]. " □ 

Recall the Cartan involution : G — > G; g 1 — > (^') ' ■ It is well-known that o" ^ cr o for cr e Irr(G). By using 
this special result for G, and also the isomorphism of vector spaces /I : Vi^V* — > Homc(V2, ^1); vi^Vj 1 — > <^i',»i'* 
where (Pvm'*(v2) - (v*, V2)vi, we could obtain the isomorphism of representations of H: (ni ® 7r2, Vi ® V2) - 
{[7TU7T2 o t],}iomc(V2,Vi)) where [7ri,7r2 ° f](gi,§2)('^) = ttK^i) o o 712(^2) ^^I'^z € G, € Homc(y2, Vi). 
Now let W[7ri, 712] be a vector space consisting of all functions / ; M2{F) x Xf — > Homc(V2, Vi) such that: 

(11) f(dst(gig2)gi'mg-2", ,f,de,(g,s.J-' ) ^ „ ^(^^ ^) „ ^^(^r )^ 

Hence the following proposition is straightforward: 

Proposition 2.3. Let tti ® 712 € Irr()(//). T/ien (tTq, G, W[7ri (g) 712]) - (7ro, G, W[7ri, 7r2]), where the action ofnoig) 
on W[7Ti , 7T2] is given by the formulas (5) — ( 8) in Proposition 2. 1, for any g &G. 
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2.3. We continue the above discussion, and determine the dimension of the vector space W[;7ri, ;7r2]- 

For7ri(8i;r2 6 Irro(i/), we write W[7Ti,n2](^) - {/©I/ G ^^[7:1,7:2],^ eMxXf]. Now we define an //-action 
on the set M2(F) x Xf as follows: 

(12) (§i,^2)(m,^) := {A^i{g\'g^')g,mg',,ilf^''(s^<^^-\ 

where (gu gi) & H,t^ e Xp, m € MiiF). 

It is observed that W[ni , 7T2](^) = FixHom:c(V2,i/i)(Stab//(^)) for ^ E M2{F) x Xf, more precisely 

(13) W[ni,7T2W^{ip:V2^Vi\7Ti(gi)o^^ipon2(g'2 ) Vgi,g2 6 Stab„(f)). 
Let's determine the //-orbits in M2(F) x Xf. They are of the following three kinds: 

(i) Orbit ) where ^„ = ( ^ j , 0°) for any a e ; 

(ii) Orbit {77} where t] = , 0); 

(iii) Orbit [6] where S = {(^ || j , 0). 

And by straightforward calculation, the corresponding stabihzer of the given representative element in each 
orbit has the following form: 

(i) StabHfe) = te,r")l^eG}; 

(ii) Stab/f(77) = {(i«i, i"'«2)k e T,ni,n2 e A^}; 

(iii) Stab/f(5) = {(gi,§2)l where gugi&G and det(gig2) = !}■ 

To obtain the dimension of the vector space W[7ri, 712], we state the lemma: 

Lemma 2.4. (1) W[7Ti,7T2](^a) + ijfn\ ^ 7r2, in this case dime M^i>^2](^a) = 1; 

(2) W[Ti\,n2\{rj) — except the following cases: 

(a) dime W[;r^,,^,,:T^,,;j,,](77) = 2, 

(b) dimeM^/" 1g,<A-1c](?7) = 1, 

(c) dimeW[)/r-Stc,i/'-Stc](?7) = L 

(d) dimeW[)A-lc,(/'-Stc](?7) = 1, 

(e) dimeW[)A-Stc,i/'-lc](?7) = 1, 
for the characters Xi + X2, 4> of F^; 

(3) W[7ri, ;r2](i5) = except ni — 112 — t//-lc' in that case dime W[i// ■ Ic, lA' lc](i5) = ^'fof any character i]/ ofF^. 

Proof (1) W[n,,n2\{^a) = : V2 — > Vx\7^i{gx) o ^ = ^ o 712(^2") for (^1,^2) e StabH(^„)) - Homc(y2, Vi). 

(2) Note that W[nx,n2]{Tl) - Hom7-(Vf , Vf). Therefore, lV[7ri, 7r2](?7) = unless TTi , 712 both are induced represen- 
tations. In the later case, for (Tr^,,^^, V) = Ind^ x\ ®X2 ^^^^Xi^Xi ^ Irr(/'^). The vector space V'^ is generated 
by functions /^,,^, and g^,,^,, where supp^,,^^ = B, suppg^,,^^ = BwW and they satisfy ^,,^2(f«) = ;ri ® A"2(0, 
^^,_^,(fniw'n2) =;k'i ®;if2(0 for f e T,n,n\,n2 & N. The action of T on {fxi,xi^Sxi.x^^ simply by the formulas: 

t ■ fxuxi = X\ ®X2{t)fx,,xi' and t ■ g^,^^, = ^2 ®X\it)gx,,xi for f e T. 
Thus, dimeHomj-(;r^|^^,7r^j^J = 2 for xi X2 ^ Irr(F^), so (a) follows. On the other hand 
dimeHomH<.^,</= 4 for «A e \n{F^). Obviously St^ = C{qfi„,, - gi„,,) and 1^ = C(/i„i, + 
so we could obtain (b) — (e). 

(3) W[nx,n2\(5) ^ {ip : V2 — > Vi\7Ti(gi) o ip ^ ip o 712(^2") (Sugi) e StabH(5)) : V2 — > Vi\ni(gi) o ^ = 
ipo7T2ig2) where ^1,^2 6 G, det gi = det^2)- By considering the set {g e G\ det(g) - 1), we know W[ni,7T2]{S) = 0, 
unless, TTi = i/'i o det and 7T2 - if'2° det. In the later case, W[7Ti,jT2]i6) - Homfx(i/r2, i^i), so the result follows. □ 

Corollary 2.5. For any irreducible representation n\ ® 7:2 e Irro(//), the dimension of the representation 
(no, G, W[7Ti,n2]) is presented as follows: 

(i) dime '^[■nx^,Xl^'^xuX2'\ = ? + 1, 

(ii) dime MlA • Stc, lA ■ Std = q, 

(iii) dime MlA • 1g> lA • Ic] = ? + 1> 

(iv) dime W[7re,7rfl] = ^ - 1, 



ON A QUESTION OF DRINFELD ON THE WEIL REPRESENTATION I: THE FINITE FIELD CASE 



9 



(v) dimcW[iA-StG,iA- 1g)= 1, 

(vi) dime W[i// ■ Ic, (A • Stc) = 1, 

for the characters x\ ^ X2^4' of F^, the regular character of E^. And the above list are all representations 
TTi (g)7r2 e IiTo(//), such that W[ni,n2] + 0. 

2.4. We have already calculated the dimension of the vector space W\ti\ , 712}, and it is enough to obtain the main 
theorem in this section. 

Theorem 2.6. The decomposition of the representation {7t,G x G x G, W) has the following form: 

o-(g)o-(g)o- e ^ (i/r-Stc(8i/'-lc(8)(/'-lc) © (iA-lG®i/'-Stc®/'-lG) ffi (iA-lG®i/'-lc®iA-Stc) ■ 

o-eIn(G) ^ ' ipelniF'^ ) ^ ' 

Proof. Since k - ^^s^q^cxc^"^ ^ ^'^ Clifford's theory, the representation n could be written as the direct sum of 
the following three kinds of forms; (1) tq ® tq ® tq for tq e Irr(G); (2) ti ® ti (8 T2 + ti ® T2 ® ti + r2 ® ri ® ti 
for Ti 5t T2 e Irr(G); (3) Tq ® t[ ® + Tq ® ® t[ + t[ ® Tq ® + r', ® ® Tq + ® Tq ® t[ + Tj ® t[ ® Tq for 
three different representations Tq, Tj, in Irr(G). By comparing this with the results in Corollary 2.5, we obtain 
the theorem. □ 

3. The decomposition of the Weil representation of GL2{F) x GL2(£') 

3.1. We first give some notations, and formulate the representation concerned in this section. 

a b\ ^, ,/l b\ ^, ^ , a 



In this section, we denote by; G = GL2(F), B = {^^ e G}, N ^ {j^^ ^ j e G), T = {^^ e G], Z = 
e G); H ^ GL2(E), B' ^ t H), N' ^ t '] e H), T' ^ t //}, Z' = {fc //}; 



MO^^Q j, m(/7) = (J Jj,/;'(r) = jj = Jl'^^^l-^l J) elements in G or //;Gal(£/F) = <cr). 

If h e H or M2(E), we will denote its conjugate by /;"" or /i, its transpose by h', and /i* :- h . 

Let V be the vector space over F of dimension 2, endowed with a symplectic form (, ). Let {e\,e2\ be a 
symplectic basis of V. Consider the Zs-vector space Ve - E ®f V, endowed with the symplectic form (, 
induced from V. Define a Gal(£'/F)-action on Ve by 

Ga\{EIF) X £ ®f y — > £ ®f- V; (cr, ^ f; ® e,) 1— » ^ f ® g,.. 

Now let W = ®£ Ve, we associate W a symmetric form (, )w = (, )v£ ® (, )ve- On W, we will consider the 
twisted Galois action defined by 

Gal(£/£) X W ^ W; (cr, w = ^ M; ® v,) ^•^w^Yj^f ® ""i- 

We will let Wo denote the set {w € WTw - w). One can check that the symmetric form over the F-vector space 
W() is a /^-symmetric form, denoted by (, )wo- And we denote its associative quadratic form by q, defined by 

(wo, Wo)wo = q(wo + Wq) - qiwo) - q(w'(f) for wq, e Wo- 

By calculation, each wq 6 Wo may be expressed in the form 

Wo — xe\ ® ei + aei ® 62 + ^62 ® ei + ye2 ® e2 for x,y & F;a & E. 

(X I X Q'\ 

_ I. So we identify Wo with M - {l_ \\x,y e F,a e E]. The 

symmetric form q is transferred as q(m) - det(m) for m e M. 

Let GO(W) denote the symmetric similitude group associated to W. By the definition of W, actually, there 
exists a morphism of groups GL(V'£) x GL(y£) — > GO(W). Now, we define a twisted Galois action of Gal{E/F) 
on GL(Ve) X GL(Ve) by 

Gal(£/£) X (gL(V£) X GL(y£)) — ^ GL{Ve) x GL(y£); h = (^1,^2) ^ "h ;= (g^,g^). 
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the basis, we obtain (/i, 1) • ('^ ~ f*^ ^\ Similarly, (1, /z) ■ (aei (g) ei +j6ei ig)e2 + 7^2 ® ei + &2 ^^2) = 



/ - -n / - c-Tn /c--; -n • /i Tn /Q' M laa + Bb Bd + ac 

(aa+/3b)ei^ei +(J3d + ac)ei'S)e2 + {ya + 6b)e2'Siei +(6d + yc)e2^e2,i.c. (l,h) ' > - " 



Write GL{Ve) - {h e GL(Ve) x GLCVg)!""/! = /i). So there exists an isomorphism of groups GL(Ve) — > 
GL(Ve); 8 ^''). If given /; e GUVe) x GL(y£), w e W = ®£ Vg, one can verify '^h ■ '^w = ''(h ■ w). So it 

induces a morphism from GL(Ve) - GL{Ve) to GO(M). By the fixed basis {ei , 62], in fact, we obtain a morphism 
/ : // = GL2(£) GO(M). 

Lemma 3.1. The morphism i : H - GL2(-£') — > GO(M) is defined by H x M — > M; (/i, m) 1 — > /im/i , where h is 
the transpose conjugate ofh. 

Proof. Let h = ^ ^ e H. By definition, h ■ (ei, 62) (ei, 62) = (aei + ce2', be\ + ^fe2)■ So (/z, 1) ■ (aei (g) 

ei +y6ei (8)62 + 7^2® ei +(5e2®e2) = {aa + by)e\®ei +{ap + b6)ei®e2 + {ca + dy)e2®e\ +{cj3 + dS)e2®e2- Forgetting 

a P\_(a bila 0\ 
y 6)-\c d)\y 6) 

y 6} \ya + 6b dd + ycj 

1-1 1^' 

y 6j\b dj \y 6j 

Now, we consider the symplectic vector space V ® M over F of dimension 8. By the above discussion, there is 
a map from G x H to the group GSp(y ®f M) ^ GSpg(F). Similarly as in section 2, we consider the restriction of 
the Weil representation (p, GSpg(F), W) to the group G x H, and will denote it by (tt, Gx H, W). 

Proposition 3.2. The Weil representation (n, G x H, W) can be realized in the space W — C[M x Xe], and the 
action ofG X H on W is given by the following formulas: 

(14) {n{[h{a), \])F){m, if,) = F(am, if,), 

(15) (jriluib), l])FXm, if/) = if>ib detim))F(m, if/), 

(16) (7r([w, l])F){m, if/) = -q'^ ^ F{n, if/)if/{B{m, «)), 

neM 

(17) (TTiWit), l])F)(m, Iff) = F{m, iff'"), 

(18) {n{{l,h])F){m, if/) = F(h-^mh*-^ Ne/,- (det(/i)), (/,N£,f (det(/,r>))^ 

where h(a), u{b), h'{t) € G; /1 e //, m e M,if/ e Xe; B(m, n) :— q(m + n) — q(m) — q(n)for m, n & M. 

Proof (14), (15) and (17) follow directly from (1) — (4) in Section 1. 
For (18): 

(;r([l,/z])F)(m,<A)=p((j °) )^'(m, ^) = p( ^^Jdem)}^!) !!) ' (o N^/^dW') K'' 
= F{h-^ ■ NE/F(dem)m,if/^'^'^^'^''^''»") = F[h-^mh*-^ N^/f (det(/i)), 
For (16): let E = F{^, so M = {Jj e a = a + fe^ e £}. Take /, = ? j ,/2 = °j, - jj, 

/4 = ^1 ^j- Suppose N£//r(^) = fl. Then the set {ei(g)/i,ei(g)/2,ei®/3, 61(8/4; e2®/i,e2®/2, -562®/?, -5fl"'e2®/4) 
is a symplectic basis of V ®f M. By such basis, the image of oj ® 1 i" GSp(y ®f M) is w „ .1 where 
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with respect to the map GL{V) x GO{M) — > GSp(y ®f M). It follows; 



(A 
^-i |)^(^2®w^,(/') 



{e2®n, tl/)\p{{e2 ®n,a) ' (e2 ® '«))) 



neM ^ ^ ' 

= -^"^ ^ /^(ez ® «, iA¥«(q ^'^i|e2 ®«,w"'(e2®»j)» 
= -^"^ ^ /^(e2 ® «, i/')</'«e2 ® «, (wl Q I )"'(e2 ® '«)» 

= -q'^ ^ F(e2 ® n, i/')'/'((^2 ® ( q j (^2) ® '«)) 
= —q'^ ^ F{e2 (g) n, i/'))/'((e2 ® «, (8> m)) 

neM 

= -q-'^ ^ F(e2 ® n, ^)^{B{m, «)), 

neM 

thus we obtain the equality (16). □ 

3.2. By the standard method to decompose a reducible representation, we are so led to calculate the dimension 
of the vector space W[7ri]( see below for its definition). 

Let U - [x ^ E^\NE/Fix) = 1}, we regard [/ as a subgroup of H. Let Irro(//) be the set of the isomorphism 
classes of the irreducible representations tti of H, such that tti is trivial over U. For each representation (tti, Vi) € 
Irro(//), we associate a representation (ttq, VK[7ri]) of G, where the vector space W[:7ri] consists of all the functions: 
f : M xXf — > Vi such that 

(19) f{h-^mh*-^ N£/f (det(/i)), (/,N£,Hdet(ftr')) ^ „ 

for /i e H, (m, t//) e M x Xf and the action of G on W[7ri] is given by the formulas (14) — (17). 
Proposition 3.3. For the representation (n, G x H, W), we have the following decomposition: 

7r= W[7Tl]<»Vl. 

(;ri,Vi)eIiTo(H) 

Proof. The representation W has the decomposition tt = ®{ni,Vi)Wjr^ ® Vi, then W;ri - (W' ® V^i)^ - Hom//(W^ Vi). 
The action of G on W[;ri] arises from the definition of tt and the above isomorphisms. □ 

For (ttuVi) 6 Irro(//), we define W[;ri](^) = \f(^)\f e W[;ri]} and an //-action on the set M x as follows: 

(20) h ■ (m, iff) := {hmh* Ng/f (det(/i))"', (d'='W)) where h £ H,il/ e XF,m e M. 

It is observed that W[;ri](^) = y^'"''"'^' for any ^ E M x Xp. 

Proposition 3.4. Consider the action ofH on M x Xf. 

(1) The distinct orbit of this action can be described as follows: 

(i) Orbit {^a ], where = ( I q J , 0") M any aeF""; 



(ii) Orbit {?]}, where 77 = , (f>); 
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(iii) Orbit [5], where ^ = ( |q gj > 0)- 

(2) The corresponding stabilizer of the canonical element in each orbit is presented as following: 

(i) StabH(^a) = U2{E), where UiiE) = {h e H\hh* = 1}; 

(ii) StahHiT]) = Hi, where Hx = [h = i^^ \u,veU,be E}; 

(iii) StabH(5) = //a, w/iere //i = {h e H\det{h) e U). 

Proof. We transfer the //-action ■ to another //-action O, where O is defined by h O (m, if/) :— (hmh*, ifr^E/FideKh) 
Since the map a : H — > H; h i — > h/det{h) is a group isomorphism and a(h) Q {m, ijj) - h ■ (m, ijj), it reduces to 
consider the action O. 

(1) Every element m e M corresponds to a hermitian form over a 2-dimension /i-vector space V. By the property 
of hermitian form over finite field and the surjection of the morphism Ne/f '■ E^ — > F^, one can find h e H 
such that hmh* - diag(a,Z7) where {a,b) - (1, 1), (1,0) or (0,0). Consequently one can calculate the stabilizer 
Hab - Stab/f (diag(fl, b)) and determine the orbit of //a^-action over Xf to obtain the result. 

(2) It is straightforward. □ 

Lemma 3.5. (i) U2{E) = {^JJ \ueU,a,be E, N^/f (a) + NEirib) = 1}; 

(ii) \U2(E)\^(q-\)q{q+\f; 

(iii) If we choose an element e_i € E^, such that e^|' = —1, then the element ? j ^ B'UxiE); 
1 



(iv) H = B'U2(E) U B' ^c, j U2(E). 

Proof (i)(ii) follow from [[A], p. 242-243]. 
(iii) 

B'U2{E) = B'SU2(E) = ■ «^y)l-^'Z e E''-a,b,y e £; N^/f (a) + N^/f (^) = 1} 

xa-^yb^ ^b+ya^]^ ^ £X;fl,Z7,y e E-NEiFia) + N^/H^) = D- 

So, N£/f (-fe'^z)-i-N£/f (fl'?z) = N£//7(z) 5t 0. On the other hand, N£/F(-l) + N£/f (-e^j) = 0, this implies the result, 
(iv) It is enough to check that there is an equality about their ranks: 

|//| = |B'f/2(£)| + |/?'(_° Jj W)|. 



By calculation, B' n U2{E) = {^^ ^^j |m, a e U). So 



|B'f/2(£)| - I5'll;^7^7^l = l^'l ■ - 1)?- 



Now let g = '^Jj e U2(E), go = {(_° jj. Then g,' = {("'^i ^^J, and 

{a - be^if bi 



- e^ibY — u{a — e^\b)\ ua + {be^if 



which is an element in B' \S {a - be^x)'' ' 



Hence 

, lia-beA'' W \ 

/?'ngof/2(£)§o =(( j-)-i)|N£/F(fl) + N£/H^) = 1}. 

If N£/f (a) + NE/pib) = 1, then a - be^i + 0. So \B' n got/2(£')go'l = l'^ t^2(£')l- From this, we obtain 

lgof/2(£)go'/5' ngof/2(£)go'l = ^ + 1- 



So 

15'gof/2(£)l = |B'||gof/2(£)^o Vb' n got/2(£)^o'l = l-B'l ■ + 1)- 
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Finally 

\B'U2{E)\ + \B'goU2iE)\ = \B'\ ■ iq - l)q + \B'\ -iq+l)^ \B'\ ■ (q^ + 1) = \H\. 

□ 

Let's determine the dimension of the vector space W[7ri] for each tti € Irro(//). 

Lemma 3.6. Let (tti, Vi) be an irreducible representation of H, which belongs to Irro(//). 

(1) Forn^ ^"V-Ih where e Irr(£^); 

(a) ifV + *P« then W[;ri] = 0. 

(b) ifV = "Y't then dime ^\T^\Ma) = dime W[;ri](77) = dime W[7ri](5) = 1. 

(2) For TTi = ^ ■ StH where 6 Irr(£^); 

(a) + "Vi then 'W\ti{\ = 0. 

(b) = "Vi then dime lV[7ri](^J = dime MttiKt?) = 1 an^^ dime M'P • St^lW = 0. 
{3) For Tlx = Ha^j; where A 2 e IrrCE^); 

(a) i/A = A?, Z = S« f/zen dime H'[nA,j;](^„) = 1, dime V^\^Kj\{rt) = 2, dime W^[nA,s](5) = 0. 

(b) ifK = S^S = A* f/!e« dime ^\^t^xMa) = 1, dime "^X^K^Mri) = dime H^[nA,2;]((5) = 0. 

(c) for the other kind of K 2 € Irr(£:^), iy[nA,i;] =0. 

{4) For TTi — Oq where e Irr(£'^) — Irr( £'^)/or some quadratic extension Ei of E: 
(a) ^^[00] = 0. 

Proof. (1) It is easily checked that the image of the map det : Stab/f(^) — > E^ is U when ^ - ^a,il,5. It implies 
that Vi = y^'^''«<f> iff ^> is trivial over 

(2) Let us denote by (jrj, V2) = Ind^,(*I' ■ 1^0- Firstly WlmW = ^[^I* ' ^hW ® W[>I' ■ St^K^) for ^ = rj, 5. 
We have already determined the set ■ IhM^) in (1), so it remains to calculate the dimension W[7r2](^) for 

For ^ = StabH(^) = UiiE) and H = B'UiiE) U B' J j C/aC^), for a fixed e_i e fi^ such that 
Ng/f = -L So y,^-*^' is generated by the functions a,/? in V'2, where supp(a) - B'UiiE), a(bu) :- ■ Is'ib) 
for b e B',ue UiiE) and ^ ■ 1^, is trivial over B' n UiiE); supp(J3) = B' }, j f/iC^), y8(/' J j m) 

■ lB'(b) and ■ Ig- is trivial over B' n J j t/2(£)^_^^ ], j . By Lemma 3.5, B' n f/2(£) = 

'(0 1) (0 " ^ *™ a iff = "i"'. On the other hand, by Lemma 3.5, ^] j g ^^^1 j = 

/ -(be^iY' + a'' bi \ u-u- ,• /O 1\ le\ -l\ „, , , 

^ , ff s / N„ 7 ^„ ^„ which implies , o \g\ 7 „ e B in u(ae^ . + b) - 

\u(-b - ae\) + {ae^x)'^ - (bet^)i ua + {be^i)''j ^ \-l e!;/ \ 1 0/ ^ -I ^ 

(fle_i)'' - {be^_^Y and N£/f(fl) + NE/pib) = 1,« e t/. In particular, if a =0, then the condition is m = 

(e^iby^^NE/Fie-ib) - -1; if = 0, then the condition is u = a'^"', N^/f (a) - I. By calculation, the set 

{u\u - fl'^"' with a e and N£/f(a) = +1) is equal to U. Hence {det(g) = m|| ], Q^j ^ B',g - 

(u 0\l a 
1 j ^-M 

For ^ = ^, Stabn© ^ Hi = N' x T", where T" = {(" °| \u, v e U}, therefore vf ' = (Vf )^". By Lemma 2.4, 



^^j e ;72(£)) = U. Finally, we see /? iff = 





the vector space y;^'' is generated by functions and for f 6 T, f -/p^t - 'V®^{t)fm ^i, t-g^i ^ - *I'(8i*i'(f)gi',f . 

So we obtain: if = /p.^-, e yf ' ; if ^£ yf ' = 0. 

For ^ = 5, Stab//(5) = H2, H ^ B'H2 and B' n H2 = {^^ |aii e t/). So dime V"' = l(resp. 0) if I* is trivial 



(resp. not trivial) over U 

1 



(3) For ^ = ^fl, yp^^' is generated by two functions a,/3 in yi, where supp(a) - B'UoiE), a(bu) :- AYib) for 
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b e B',u e U2(E)andA^^istn\ialoveiB'r\U2{Ey,supp(/3) ^ B'^^^ J ^U2{E),f3(^b^^^ ], ^u) -.^ K®Y.(b) 

and A ® E is trivial over B' n i^^^ ], j UiiE) i^-^^ ~^ j. By Lemma 3.5, B' n UiiE) = {{^^ ^^j |fl, u e U); 

Therefore a 9^ iff A = A? and S = Z?. On the other hand, by Lemma 3.5, B' n J j f/2(£) ~J j = 

l(a-be-\)i bi \ 

{1 Q ^^_i||N£/f(fl) + N£/f(/7) = 1). Setf ^fl-fee^i,^ = fl + /7e_i,thenN£/f(fl) + N£//r(/7) = 1 

is equivalent to ts^ + ^f? = 2. And ^£ iff ') ) ~ ^''^ ' ~ ^ ^■^'^ ^^"^ ~ ^- considering t - s^'', 

we obtain yS 5t iff AT"' = 1, obviously A ^ A?, hence y8 iff! = A«, and Z 9^ A. 

For ^ - T], StabnC^) - N' x T", and is generated by functions /aX'Sax by Lemma 2.4. By considering the 
r" -action on Vf, we obtain: if A = A«, Z = Z? then /a,2, §a,5; e v"' ; in other cases vf ' = 0. 



For ^ = 5, StabH(^) = H2 and // = B'//2, B' n H2 = {^^ |flc/ e then Vf - is generated by the function / 

where f(bh) = (A (g) I,){b) for b e B' , h e H2 and A (g) Z is trivial over B' n 7/2, this implies vf- - 0. 

(4) For ^ = ;72(£') 2 S U2{E) = 5L2(£') n U2{E) and there exists heH such that /i^ U2{E)h-^ = 5L2(/^) (see 

[A], p. 242). Hence V^'^'^^ c ^ vf ^'^^^ = 0. 

For ^ = /?, 5, //, 2 A^' and = 0. So vf' = for / = 1, 2. □ 

Corollary 3.7. Lef tti fee an irreducible representation ofH in Irro(//). Then: 

(i) dime ■ 1//] = ^ + 1 i/^F = e Irr(£^); 

(//j dime Wl^V ■ SIh] if^ ^ 'I'^ e Irr(£^); 

fn7j dime W[IIax\ = ? + 1 (/A, Z e Irr(£^) and A ^ I., A ^ A*, Z = Z?; 

(iv) dime W'[nA,£] = ^ - 1 ;/ A, Z e Irr(£^), and A ^ I., A ^ Z«, Z = A«; 

f/ie above list are all representations tti e Irro(//), such that W[7Ti] + 0. 

3.3. The representation (ttq, W[;ri]) I. In this Subsection, let ;ri = • 1h where ^ = e IrrCE*^) and 
^ = i/^ o N£//r for some (/r e Irr(F^). 

The vector space W[7ri] is generated by functions {Fa,R,S : M x Xf — > Vi for any a e F^]. Namely they 
aU satisfy the equaUty (19), and supp(Fa)= Orbitl^J, F^i^a) = vo e V^*^* for any a e F^; supp(/?)= Orbit!;/}, 
/;(,7) = vi 6 Vf'; supp(5)= Ovhit{6lS{6) = V2 e vf-. 

Since for the representation ttq, the action of B on W[7ri ] is linear, it is easy to verify the following formulas: 
(I) 7ro{h{r))F,,2 = il/{r^)F,; (II) 7To(h'(t))F„r' = F„; (HI) 7ro(u{b))F„ = #'(^)^'«; (IV) 7ro(/z(r))7? = 7?; (V) 

7ro(/j'(f))-R = mR; 

(VI) 7To{u(b))R = 7?; (VII) 7ro(/j(r))5 = 5 ; (VIII) 7To(h'(t))S = i/r(f)5 ; (IX) 7TQ(u(b))S = 5 ; (X) 7ro(w)5 ^ S . 

By the above formulas (I) — (IX), we could calculate the characters: 
Ir 0\ ,/r, OV , (r 1 



XmX\Q ^j) = (? + X^oi\^Q ^J) = 2iA(nr2), and;r^„(^Q ^j) = iA('-') for fi, f2, r, r, + r2 ^ F^. So the 

restriction of ttq and ■ Ind^ Ic on B coincides with each other, i.e. Res^(7ro) - Icr^ ij, ®[]/-®a- and the isotypic 
component 2cr^^^ is spanned by functions [R, S ]. By Proposition 1.3, ttq ^ tfr ■ Ind^ Ic • • • (1) or ttq ^ 2t// ■ Ic ® 
for certain regular character Q of E^ ■ ■ ■ (2). But the above formula (X) no{u))S + S means that ttq has only one 
isotypic component if/ ■ Ic, hence the above case (2) is impossible. Finally we could obtain ^ if/ ■ Indg Ip. 

3.4. The representation (no,W[7Ti]) II. In this Subsection, let tti = 'I' ■ St^, where ^' - "i"! e Irr(£'^), 
= j/r . Ne/f for some if/ € Irr(F^). 

The vector space W[7ri] is generated by functions {Fa,R : M x Xf — > Vi for any a e F^}. They all 
satisfy the equality (19), also supp(Fa)= Orbitj^o), Fgi^a) - vo 6 y^-*^' for any a e F^; supp(7?)= Orbit!?;}, 
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■'^('?) — vi - ~ g'i','v 6 yf' by Lemma 2.4. 

By (14) — (17), we can obtain: 
(Xl) no{h(rW,,2 = ip{r^)F,; (Xll) 7To(h'{t))F,r^ ^ F,; (Xlll) no(u(b))Fa ^ r(b)Fa; (XIW) no{h(r))R ^ R; 
(XV) no(h'(t))R = tfr(t)R; (XVI) no(u(b))R = R; 

Lemma 3.8. LerM*'' - {n e M\rankn - \ ]. Then: 

(a) M(') = {(j U)mfx}U{.(N^/^/^^ ^^\seF\beE]. 

l^EIFib) b\ ^,10 0\ ...^ 

(b) ^\ i^g J = "WL J«W • 

Proo/ See [[A], p. 247]. □ 

{no(c)R)(T^) = -^-2 2 7?(«, 0)0(b( (J Uj , «)) 

" z ^''o{Ks))Riii) + 2 ^1 ( (- 1 J) «(-^))^( (o o) ' '^y^'^^ 



--^"Z[^'>-z->((-i i)H^((o o)'^H 

ief X beE ' ' ^ ' 

=-?"'Z[^i+^(^>Z">((-i 

= -q-Hiq-l)vi-q-7Til^i^^^ jj jvi] ^ i?(7?). 

It follows: (XVII) 7To((M>)R + R. 

By the formulas (XI) — (XVI), we obtain ReSg(;7ro) - Res^(i/'- Stc). Consequently by the formula (XVII), ttq has 
no i/' ■ Ic isotypic component. Hence by comparing this with the result in Proposition 1.3, we obtain ^ ijj ■ SIq- 

3.5. The representation (;ro, W[7ri]) III. In this Subsection, let 7T\ - YV\x for A ?i S and K - Ao N^/f,! = 
cr o Neif 6 Irr(£'*^). 

The vector space V^' {- Vf) is generated by functions {/a,2;, §a,i:) by Lemma 2.4. Let h: M xXf — > V\ such 
that it satisfies (19) and supp(A)= Orbitf??}, A(77) = /a.j;. Then: 

= nA,2( (-"q' )[/A,d = A(x-')S(^)/a,2 = ^(r-')cr(r)/A,2 for ^eif(x) = r. 

(.•0 M/.'(o)(A))(.).A((; A(N.,K.)(s jf,^-'--') 

= nA.E( j j )[A(;7)] = nA,i( )[/A,d = A(^)/a,l = ^(0/a,2 = mm for N^/f (^) = r. 



16 



CHUN-HUl WANG 



By the above (i) and (ii), 7ro(/j(r))A = A{r ')o-(r)A, 7To{!i'(t))A - A(t)A. In particular, we obtain ;ro( |q ^ j )a = 

A{t2)cr(ti)A. It follows that Homc(7ro, Ind^ /I (g) cr) ^ HomG(7ro, Ind^ cr ® A) 0. Since dime = ^ + 1, surely 
^0 - ^,1,0- ■ 

3.6. The representation (;ro, ^'[Tri]) IV. In this Subsection, let tti = IIaj; where A E € ln:(E^) and 
A = S = A'l. 

We start with recalling some explicit models for certain representations [cf. [A], p. 21, Definition 2 and p. 53, 
Proposition 4] : 

Model for tti = Haj;: tti could be realized in the vector space Vi where Vi is spanned by functions 
V : E- X — > C such that v(fl(ei, 62); a^'^^'ej) = A(fl)S(Z7)v(ei, 62; ^3) ■•■(*) and (7r(/!)v)(ei, 62)^3) = 
v((ei, 62)/!; ^3 det(/!)"') forei,e2 6 E;a,b,e^ e E^,h e H. 

Model for the cuspidal representation tta of G, associated to the regular character A of /s^: tta could be realized 
in the vector space C\Xf], where the actions are following: 

(2) (tta (J = 

(3) (tta (J jJ/)w = 'A(^)/W; 

(4) ((7rA(w))/)(^^) = -q-' Y.yeE^ ^^(Tr£/f 0;))A(3;)/(iA^^'-W) ^here -A e , f, r e F^ ^ e F. 

Now we concentrate on the representation (no,G, W[7Ti]). The vector space W[:7ri] is generated by functions 
Fa : M xXf — > Vu it satisfies (19) and siipp(F„)^ Orbitf^o}, F„{^a) = vj e v"-^'^^ for any a e F^. Using the 
above model, we choose one element vi as follows: 

vi : E^ X E^ — > C, it satisfies above (★) and supp{v\) - Uueu Orbit {(l,Me_i; 1)), vi(l,Me_i; 1) = A(m) where 
Orbit{(l, Me_i; l)}={(a, ue^io; a^^ b^^) e E^ x E^\a, b e E^}, e_i is a fixed element in E^ such that N£//r(e_i) = -1. 

Now we check that vi e V^~^^^: 
For ^ = ^ ViiE), supp(g • vi)=supp(vi), and gvi(l, moC-i; 1) = v\(u, uqCuu'^) = A(m)i'i(1, MoM"'e_i; 1) - 

A(m)A(mom ') = A(mo) - v\(\,u^)e-\; 1). Hence in this case, gvi - vi. 

For ^ - ^ ^ UiiE), g\'\(\, Me_i; 1) = v\{a — b''ue-\,b + ue^ia'^; 1) — Vi(a — b'^ue^i, Me_i(fl - b''ue^\f; 1) 

= A(a - ^«Me-i)vi(l,Me-i(a - b'>ue^if-'^;a - b^'ue^y) = A(fl - b''ue^-C)h(u(a - b''ue^iy'-^)I.-\a - b'^ue^i) 
= A(m) = vi(l, Me_i; 1). We also have supp(§vi)=supp(vi). Therefore, we obtain gv\ - v\ in this case. 

We define an intertwining operator between nj^ and ttq by 

: TTA ^ W[n,\J^ j(f) = ^ fi'P")^'^' i-^- 7(/)(f«) = /(0'')vi. 

Claim: j{7TA{g)f) = no(8)jif) for g e G. 
Proof: (l)^ = Jj ^JeB. 
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So TTO I ;■(/) = 2:«eF^ /(0-"^)A(^)rO'Z-l)F„. 



\0 z 
On the Other hand 



= 2 AW/(<^""")0""'"(^"V)^'o 
= 2 A(x)f(4,"''")<p"(yz-')F,. 



aeF^ 



neM 



,s.der™p;,(;(/)) 0«(B(Id«, «));(/)(«, 0") 

neM.det «#() 



= ^ 0«(B(Id;,,N£/^(det(/i))/i-'/2*-'));V)(N£/f (det(/i))^ 

= -^-2|C/2(£)r' 0"(fi(W;/,N£/Hdet(/z))r'/i*-'))/(0''^-'-('^'=«"»);ri(/i)vi 

K« = -?-2|f/2(£)r' ^ 0''(B(IdH,M*))/(0"'''^'^™)(;ri(/z-' det(/i))vi)(l, 1) 



Let 

K, = -q-^\U2{E)\-' 

heH 

and 

< = -q-^\U2(E)\-' Yj 0"(B(Id,f,/j/i*))/(0"^^'^<'''='"'»)(;ri(/i-> det(/i))vi)(l, 1) for any s e 

/ieH,N£/f (det(/?))=s 

Then k„ = ^jefx 

k' = -q-'-\U2iE)\-' Y '('"{ N£/f(«) + ^e/f(J3) + Ng/f (y) + Ne/f{S))M')vi{5 - ye-i, -yS + ae^udet(h-')) 

heM 

(21) 

= -^-2u;2(£)r' Y ftN£/F(«)+N£/F(y8)+N£/f(r)+N£/f(5))/(0")Ai-''(5-re_i)A«(ff5-^r)vi(i, ^±i!:fzl; i), 

where A1 = {/j = e //| N£//r(Q'5 - ySy) = 1; -yS + ae-i = Mie_i(5 - 'xe_i),5 - ye-i 9^ for some mi e C/}; 

By equations: {aS - Py - U2', -P + = Mie_i((5 - ye-i) and <5 - ye-\ - y where u\,U2 & U,y e E^], we change 
the variables y, S] by {ui,U2,y, y]. 
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By -p + ffg-i = Mie_i((5 - ye^i), we get -ySe j + uiye-i = ui6 - a. Then: 

( -/3el[ + Mi7e_i)( -/3el[ + uiye^xf - {ui6 - a){ui6 - of . 

By calculation, we have 

N£//r(a) + N£/f OS) + N£/F(y) + N^/f (5) 
= Tr£/f (MiCa^^-rySV^)). 

Set A = a«(5 - j^'^el^. Now we consider 
also 

Ml A/ = mi[(q'«^ - y;8«ei7)(<5« - y^e^J] 

= mi[m2 V + ySV^ + Q'''5''ye-i " a''5Y'e\ - ^''^SVe^l 
= M1M2 V + Miell(-y6 + ae-i)''(5V-i - ^fe^^^ 
= M1M2 V + /(^V-i - H^e\). 

So 

MiA = + (^V-1 - ^/e!!)- 

In this way, we obtain: 

Tr£//r(MiA) = Tr£/f (M1M2 V^'O- 

Hence 

(21) = -q-^\lJ2{E)\-' Yj 0"(Tr£/£(«l«2 V"*))A(«1«2V'"V(<^") 

-^-2|t/2(£)r'-^ 2 ((x,X2y)'-''))A((x,X2y)'-^)/(0«) 

= -J^rrJV Z ^1 T'-fi/^ (3''"')W3''"')/(0'') = X 0''(Tr£/Hy))A(y)/(.^"). 

Similarly we obtain 

K = 2 0°(Tr£/f (y))A(y)/(.^«^-'^^^^). 

Finally 

K« = Yj ^"(^^EiF{y))Hy)f{<P'"''"^'\ 

yeE" 

Since y^^-*^' is one dimension, it implies that: 

(;r„(w);(/))fe) = ;(^a(w)/)(^o), 

which means jiQ{cS)j{f) = ;(^a(w)/). 
By the above (1), (2), we prove ttq ^ tta. 

3.7. By the above discussion I — IV about the representation {uq, W[n\\), finally we achieve the main theorem in 
this section: 

Theorem 3.9. For the representation (n, G x H, W), we have the following decomposition: 

71= cr®BC£//.(cr)e fStG®*I'-lH. 

o-eliT(G) iAeIn-(Fx),4'eIiT(£x),>P=iA°N£,f 
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4. The decomposition of the Weil representation of GL2{K) 
4.1. In this section, we use the following notations: G - GL2{K), B - {(" \\ e G], N - {ij. ^| e G], T - 



dj " '\Q 1^ 

{Jq 2J € G}, Z = °j € G}; Ga\iK/F) = {a); u{b) = for = °j for a.a' € 

^ = (-1 i)^^- 

4.2. We recall the technique of Weil's Galois descent to construct a morphism from G to GSpg(F). 

Let Vo be a vector space over F of dimension 2, endowed with a non-degenerate symplectic form (, )v^. Let 
{61,62} be a symplectic base of Vo- Namely V - Vq (Sp K is a symplectic /iT- vector space, endowed with the 
symplectic form (, }v induced from Vq. Let us define a Gal(A'/F)-action on V by 

GaliK/F) X K (»f Vo K (»F Vq; (cr, ^ ki » e,) ^^kf ^ e,-. 

Now let W - V V ®K V, by following the symplectic structure of V, we associate W a symplectic form 
(, }v ® (, )v ® (, )v- On W, we will consider the twisted Galois action defined by 

Gal{K/F) xW — > W; (o-, w = ^ M/ (gi v/ » w,) 1-^ "^w = ^ ® (» . 

We will let Wo denote the set {w e W\°'w = w). By calculation, each e Wo may be expressed in the form 

Wo = xei (g) ei (g) ei + aei ® ei (g) 62 + a'^e2 ® ei ® ei + a'^ ei (g 62 ® ei 

+y6'^ 62 ® ei <gi 62 + yS'^ei (g 62 ® ^2 + j6e2 ® 62 ® + ^62 ® 62 ® 62 for x,^ e a,/? € /(T. 
Every element wq of this form is well-defined by its corresponding coefficients. By abuse of notation, we write 

F-symplectic form, denoted by (, }wo- More precisely. 



Wo = 1^ ^1 instead of the whole term. One can check that the symplectic form over the F- vector space Wo is a 



<wo, w'Q)wa = xy' - x'y - TiKiFiajS') + IxKiria'P) for w'o = Ig y I ' ^0 ^ U' y 

Let GSp(W) denote the symplectic similitude group associated to W. By the definition of W, actually, there exists 
a morphism of groups ^ GL( V) x GL(y) x GL(y) j x 5 3 — > GSp(W). The group S 3 acts on W by permutating its 
three variables. Now, we define a twisted Galois action of Ga\{KIF) on GL(y) x GL(y) x GL(y) by 

Ga\{KIF) X (gL{V) x GL(y) x GL(y)) GL(y) x GL(y) x GL(y); h = (§1,^2,^3) ^ (§3 '^^^D- 



Write GL(y) = {h e GL{V) x GL{V) x GL(V)fh = h]. So there exists an isomorphism of groups GL(y) — > 
GL(V)-g 1-^ (g,g"',g'''). If given h e GL(V) x GL(y) xGUJ), w e W = y ®^ y ®/f y, one can verify 
•^h ■ °"w - ■ w). So it induces a morphism from GL(y) ^ GL(y) to GSp(Wo). By the fixed basis {ei, 62}, in fact, 
we obtain a morphism / : G — » GSp(Wo). 

4.3. We interpret the above construction of the morphism G — ^ GSp(Wo) in terms of the language of algebraic 
groups. 

Let V be the /T-algebraic vector space associated to V. That is to say V : Alg^ — > Vect^;/? 1 — > y (g/f a 
functor from the category of unital commutative associate /T-algebras to the category of /T-vector spaces. Namely 
y ®K R inherits the 7?-symplectic structure from V. We could define a Gal{K/ F)-action on V in the following way: 

n n 

Ga\{KIF) xV ®KR^y ®KR\{cr,Y^ v, ® n) h-^ ^ ® rf. 

i=i 1=1 
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Now let W be the /T-algebraic vector space associated to W, and Wo the F-algebraic vector space associated to 
Wq. We give a twisted Gal(/ir/F)-action on W in the following way: 

Gal(K/F) xV'S)kV<E)kV<S)kR — > V iS>k V ®k V <Eik R; 

n n 

{cr, ^ M/ (gi V; (8> Wi (8 r,) i — > ^ w'J ® m°" (8> v°" ® r'[ . 
(=1 (=1 
So Wo is the Gal(/r/F)-invariant algebraic scheme of W in the following sense: 
(1) W ^ Wo Xf K. 

On the other hand, we also define a twisted Galois action of Gal(K/ F) on GL2/A: x GL2/A: x Gh2/K in the following 
way: 

Gal(K/F) X ( GL2(R) x GLzW x GLjW) — ^ GLjCT?) x GLoJR) x GLzW; 

We denote by H'^'''^^'^^ the Gal(/:/F)-invariant algebraic scheme of H = GL2/A: x GL2/A: x GL2/K- Indeed, by 
definitions, H*^^'*'*^/^' ~ ResA:/F(GL2/A-)- There exists an action of h'^^'*''^^^* on Wo, and it preserves the symplectic 
form up to the similitudes. Thus we could obtain a morphism of algebraic group schemes: 

i : Res^/f(GL2/;f) — > GSp^,^. 

4.4. Let Xo = {wo = ^ |wo e Wo), Yq = {wo ~ ^ l^o e Wo]- Then Xq, Yq are two vector spaces over 

F and Wo = ^0 © Yq is a complete polarization of Wo. Via the morphism / : G — > GSp(Wo), it gives rise to a 
G-action on Wo by the following formulas: 

f"""^"!" dj^^^'^'^l^ ^j, writer- wo = ^,j,then 

x' = NK/Fia)x + TTK/Fiaa'^b'^'a) + Tr K/fibb'' a''" /3) + NK/Fib)y; 

a' = aa'^c'^x + {aa^cf^a + ba'^c'^a'^ + ab'^c'^'a'^) + {bb'^c'^'P + ab'^d'^/3'^ + ba'^d"' 13^) + bb''d°'~y; 
P' = dd''b"'^y + (dd°'a°''/3 + cd'^b'^-jT + dc'^b'^'/r') + {cc'^b'^'a + dc'^a'^'a'^ + cd'^a'^'a''') + cc'^a'^'x; 
y' = nKiF{d)y + TrKiFidd'^c'^'P) + Tr^^/f (cc^flf-'a) + Nk/f{c)x. 

We write each element g e GSp(Wo) in the form of g - ^ where a e EndfiXo),b e Homir(lo,^o), c e 
Homf (Xo, Yo), d e Endf (Fq). 

Corollary 4.1. Through the map i : G — > GSp(Wo), the actions ofuib), h{a, d),(jJon Wo are described as follows: 

[m n 
m' 



(]) i(u(b)) = L, v| where b e K, m e Endf(Xo), n e Homf(YQ,Xo), m'^ e EndfiYo) is 



r r , 1 ■ r , X J I ^ <A. l X + TX K I fQ^'^' cA lO 0\ 

the contragredient of m for the symplectic form {, ) and m I ^ )~\ 1 ' " yl 

/Trjf/f + Nj,/f (% b'^p'' +b[r" +bb'^y\_ v /O 0\ / 

\ \P y] Xp + b'^'y y 

/9iy;^ ; "\ {^KiF{a)x aa''d'^a\ /O OW \ 

(2)ma,d))^^^ where m[^^ = ^ ^ j, n\^ y) = U^'^^^ N,^,id)y} 

:Uereut - k 'A J' ' 



V Oj \p yj \0 )' \0 0/ \a -x 

Let (p, V) be the Weil representation of the symplectic similitude group GSp(Wo). Via the map /, it gives rise to 
a representation [n, V) of G. The representation n can be realized in the vector space V = C[Fo x Xf] of complex 
functions on Y^xXf. 

Proposition 4.2. For the representation (n, G, C[Fo x Xf]), the action is determined by the following formulas: 
(1) [7Tiu{b))F](^{^ , = TxKiFibb'^Py) - nKiF{b)y^ - Tr^^/f (fey6r'))^( ^^^-^ J) ' -a)/ 
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Proof. See Appendix 1 . □ 

4.5. The whole goal of this section is to determine the isotypic components of the representation n. We first 
consider the principal series representations. 

Let a,/3 e Irr(iir^). To determine the principal series components of tt, it involves to calculate the dimension of 
the vector space HomdV, Ind^(a ® yS)). Applying the Frobenius Reciprocity Theorem, we see Homc(y,Indg(Q'(g) 
yS)) - HomT{VN,a^/3) ^ HomriV^ ,a^P). Therefore we should first describe the vector space V'^, then consider 
the T-action on it. 

Once we regard the action of on the vector space V, as described in Proposition 4.2 (1), we should consider 
the action: 

The orbits of this action are following: 

(i) Orbit {^(/j,o;,*)) where ^(^,o;^) = ^ ^ ||j , i/rj for any /3 e K,i// e Xp; 

(ii) Orbit{?7(o.v;^)) where 77(0,,.;^) = ^ y) ' ^) ^'^^ ^"^ yeF'',i^e Xf. 
The stabilizer of the chosen element in each orbit is following: 

(i) Stabw(^(^,o;^)) = N- 

(ii) StabAr(77(o,y;^)) = In- 

Let F be a function in the vector space V. Then it belongs to V'^ if and only if it satisfies the equality: 

(22) «A( Tr K,F(bb''/3y) - Nj,/f (%' - Tr^/f (^/3yS"' ))f[ , ,a) = , -a)- 
for any b e K. 

Proposition 4.3. (1) The vector space is generated by the following functions: 

(i) -^(0,0;,^) supp(F(o,o;^)) = Orbit {^(o,0;«) and /^(o,o,«(^(0,0;^)) = L it satisfies equality (22) for any if/ e Xf; 

(ii) G(o,y;^) supp(G(o,v;«) - Orbit {//(o.y;^)} and G(o,y;^)(?7(o,v;«) = 1, it satisfies equality (22) for any y e 

(2) Let t — h(a, d) 6 T. Then the action oft on the vector space V'^ is given as follows: 

(i) 7r(f)^'(0,0;^) = Xqi^KiF{ad))F^i^^Q.^^^ipiM,y 

(ii) 7r(f)G(0.v;^) =^a(N/f/F(fl'^))G,o_^,,.^N^/fM))- 

Proof. (1) Every element F in , that satisfies the (22), is completely determined by its values over the points 
{^(a,0;iA)' '7(0,y;i/r)}- Let 6 be one point among them. Then F{6) can be nonzero if and only if the coeflicient on the 
right hand in equality (22) is trivial over the stabilizer of 6, After checking every such point, we obtain the result. 
(2) It is straightforward. □ 

Let <[) be an element in Homr(y'^, a Kl y8), it is determined by the following two equations: 

(23) 4(Njf/f (flt/))<D(F(oo.^N,,„„.,j) = a(fl)y8(/7)0(F(„,„;^)), 

(24) 4(N^/^(flfl'))O(G(0 ^,,.^N,,,«)) = ff(fl)A/7)(D(G(o,v;«). 
for a,d e K^. 



We define a T-action on the vector space V'^: for any ^ ~ jj' 
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(i) t ■ f(0,0;« :- FlQfi-^-^KIFi-Dy 
(ii) t ■ G(0,y;^) = G^Q i_ .NE,F<ad,y 

For such action, there are two kinds of orbits: 

(i) Orbit {F(o,o;0,); 

(ii) Orbit {G(o,i;<j)) for one fixing (p e Xf. 

The stabiUzer of the representative element in each orbit is following: 

(i) Stabr(F(o,o;0,) = {h(a,d) e T\NK/F(ad) = 1}; 

(ii) Stabr(G(o,i;^)) = {h{a,d) e T\NK/F{a) = NK/rid) = 1}. 

Now we get the following statement relative to the principal series components of the representation n: 

Proposition 4.4. Let a,yS e In(K^). 

(1) Ifa - X\ ° ^KIF,P = X2° ^KIF for some characters x\ ^ X2 ^ Irr(F^), then dime HomG(V, Ind^(Q' (g)/3)) = 1. 

(2) If a - fi - X ° ^K/ffor a character x e Irr(F^), then dime Home (V, Ind^(a ■ 1b)) = 2. 

(3) For the other kind ofa,/3 € IniK""), Homc(V, Ind'^ia ® /?)) = 0. 

Proof. By Frobenius Reciprocity Theorem, we see Homc(y, Ind^(a ® /3)) - Hom7-( V^, a ® /?). Let (D € 
Hom7-(y'^, a ® The function O is completely determined by its values on the points /^(o,O;0) and G(o.i;0). The 
values '^{F(Ofl-^)) can be any complex number iff" q- ® /?(?) = 1 for f = h(a, d) e Stab7(F(o,o;0)) which is equivalent 
to a = /3 = X ° N/S-/F for some character € Irr(F**). Similarly the values O(G(o,i;0)) can be any complex number 
iii a - x\ ° ^K/F,/3 - X2° ^k/f for characters ;ifi,;if2 6 Irr(F^), thus we obtain the result. □ 

4.6. Now it reduces to check whether the representation o Ne/f -Ig is a sub-representation of n. Let (a ■ n, Ya) 
be the twisted representation of tt by the character a - x ° ^k/f £ Irr(G). Since Homc(7r, o-"' ■ Ic) - V^. It is 
enough to determine the dimension of for the representation {a ■ n, G, Ya)- First we notice that ^ which 
is generated by functions {F(o.O;i/()' G(o,y;i/()} and the action of T on is given by the following formulas: 
(1) {a ■ n){h{a, c/))F(o.o;^) = X ■ Xqi'^K/Fiad))F^^^Q.^NF,Fi^i)y 
{2){a ■ n){h(a, t/))G(o.v;^) = X ■ Xq(^K/F{ad))G,Q i ..Ny,r(„</),. 

Proposition 4.5. The vector space Y^ is generated by two non- zero functions A — TjieT o: ■ 7T{t)F(Ofl-0j and B = 
ZfeT- o:-n{t)G(o^i -^)for the fixed (p 6 Xf- 

Proof. It is straightforward. □ 

The finally key step is to consider the action of oj on the vector space Y^. Observe that a ■ 7t{(d)A, a ■ n{<xi)B both 
belong to Vj. We treat the vector space Y'^ similarly as Vj. Consider the T-action on the set io x ^f'- 

The orbits of this action are following: 



(i) Orbit [xQfi]foxxQfi = 

(ii) Orbit {xi^} for x\fi - 

(iii) Orbit {xo.i} for xo.i = 




(iv) Orbit {y,} fory, = \^^^'\ 
for the fixed character ^ e Xf, and any k e F^. 

Therefore, for the functions A,B,a-n(a))A,a-n{(jj)B, we only need to determine their values on the above four 
kinds of points: (1) xo,o; (2) xi o; (3) x^y, (4) yu- By the calculations in Appendix 2, we obtain the following table 
for the values of the functions A, B, a-n{a>)A, a-n(cjS)B over the above points: 
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xq\ 


x\o 


yk 


A 


{q-\){q' + q+\Y 











B 





{q^ + q + \Y 





Xx:,mi-k){q' + q + 


a ■ 7i(a>)A 


q-\q-\){q' + q+\Y 


q-\q-\){q' + q+\Y 


q'Hq-l)(q' + q+ir 


xx^,m-\q-m'+ 

q+\f 


a ■ n{a))B 


-q-\q-\){q+\)(q' + 
q+\f 


q-\q+l)(q' + q+iy 


q-\q' + q+\f 





Corollary 4.6. The element qA - {q - l)B e is n{(i))-invariant. 

Proof. Let US consider C = 'Lgec'^-^ig)Pm,<l>y ThenC(jco,o) = Ii„EAr.feeB Q'-7!-(n)Q'-7!-(w)a"7r(^)^'(O,O;0)(JCo,o) + IiieB Q" 
^(^)f'(O,O;0)(-^o,o)= g'^[Ii„eivQ'-7r(n)Q"7r(w)A+A](xo,o) = g'^[^^Q'-7r(w)A(xo,o)+A(xo,o)] = q^{q+\){q-\){q^+q+\f- + 
0. As n{(jj)A + A, this means that dim = 1 . So there exists two constants a,b e such that aA + bB is ji{<jj)- 
invariant. By the above diagram, we can ssl a - q,b - -{q - 1). □ 

Corollary 4.7. For any character x e Irr(F^) and a^^ = ' ° ^k/f- 
fij dimcHomc(V, a"' ■ Ic) = 1.' 
(2) dimcHomcCy,^"' ■ Stc) = 1. 

Proof. (1) Homc(y, a"' • Stc) ^ and 7r(w)A ^ A, n(aj)(qA -(q- l)B) ^qA-(q- l)B, it implies dime V? = 1- 
(2) It follows from above (1) and Proposition 4.4. □ 

Proposition 4.8. The non cuspidal part of the Weil representation n is presented as follows: 

^non-cusp — 

(4-) BCif/f(cr), 

<reIiT„„„_„„p(GL,(F)) 

where Tinon-cusp is the non cuspidal part of the representation n and Bckif is the map of base change from 
Irr(GL2(F)) to lrr{GU{K)). 

Proof. It follows from Proposition 1.4(2), Proposition 4.4 and Corollary 4.7. □ 

4.7. We continue the above discussion and determine the cuspidal part of n. 

Now let K\ (resp. F\) be a quadratic field extension of K (resp. F). Assume K\ D Fi. Let p(resp. pi) denote 
the Weil representation of GSpiyJF)(resp. GSpvi,JFi)). Denote by ;r = pIgl,(a:) and tti - Pi|gl2(a:,)- 

By Theorem L7 in §L5, there exists a unique representation pj of the group Gal{Fi/F) x GSppj,|j(Fi) such that 

0- res(pi) - Pi, and l-res(pi)= p. By the result in §4.2, there exists a morphism from Resx/FiGhx) to GSpj^^, 
which induces a map p : GaliKJK) x Gh2(Ki) - Gal(Fi/F) « Resx/FiGLiKFi) — > Gal(Fi/F) « GSpn,„(Fi). 
Via the map /T], let iri - p\\G-di(Ki/K)xGL2(K)- By the definition of /-restriction, one sees 0-res(7ri) - n\ and 

1- res(7ri) = n. 

For a cuspidal representation Ha of GLiiK), we know Bc/f,/jf(nA) - H^ai' Proposition 1.4. Let H^ai' 
denote the unique representation of the group GA{K\IK) « G\^2{K\) such that 0-res(n^ ^,,3 ) and 1-res (11^^,3) = 
IIa. By Proposition 4.4, (;7ri, 11^ ^,3 )glt(a:i) = 1 for K - Ao N/^:,//?, where /I is a regular character of F'^. And by 
Lemma 1.5(i), 

(^Tl , n^,A</^ )Gal(;:, IK)>^Gh2(Ki ) 



1 



|Gal(/:/F)KGL2(/:i)| 
\GU{Ki)\ 



2 X4l^g))xn-{i^^g))^ Z x4<r,g))x^^^X^<T,g))\ 

geGh2{Ki) ■ ^?eGL2(^:,) ' 

\GU{K,)\ 



:('!'i,n. .,3 )gl; 



\G2i\{K,IK) X GL2(/i:i)l -"-^A.A"''^^^(^.) iGal{Ki/K) x GL2(/i:i)| 

= 2i(^l'^A,Ai''>GL2(K,) + (tT, nA)GL2(/f)j - ^{^ + (-^^ nA)GL2W j 



(tT, nA)GL; 
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forA - AoNkjfi- It follows that for such a, (tt, nA)GL,(;i') ^ 1- By comparing the dimension of the representation 
n with the total dimension of the non cuspidal representations of the group GL2iK) in Proposition 4.8, we see 
{tt, nA)GL^(K) = 1 ■ It will also turn out that there are no other kind of cuspidal sub-representations of n. Finally we 
achieve the main theorem in this section: 

4.8. 

Theorem 4.9. The decomposition of (n, V) is presented as follows: 

TT = ^CkIf{<t), 
creIiT(GL2(F)) 

where Irr(GL2(F)) is the set of the classes of the irreducible representations of Gh2(F), and Bck/f is the base 
change from Irr(GL2(F)) to lrr{GL2{K)). 

Proof. It follows from Proposition 4.8 for non cuspidal representations and the above discussion for cuspidal 
representations. □ 

4.9. Appendix 1. In the following subsection, we will see how to get the expUcit realisation of {tt, G) in the vector 
space C{Yq x Xf], in other words, the formulas in Proposition 4.2. 
(1): 



=b(.<«(i.))f ))((;; :).*) 



/O 0, , 



0, 

b-'-y yl'^ 



0' 



(2): 



= <a( TTK/Fibb'^f^y) - NK/F(b)y^ - Tr^/f _° ^: 

[7:(h(a,d))F]H^ 



y y. 



^({o n)(o NK/F{ad)-][o N^/f M)) )^^((/? J' 



iK/F(ad)j I \ \NK/F(ad)/3 NK/F(ad)y 



ON A QUESTION OF DRINFELD ON THE WEIL REPRESENTATION I: THE FINITE FIELD CASE 



25 



--X:{NK/F{ad))F\ 



(3): Assume K = F(^). Choose a basis - {mo = ei®ei®ei, mi = ^ei®ei®e2+^'^e2(8)ei(8)ei +^°"ei(8)e2®ei, m2 = 
^°'ei®ei®e2+^'^'e2®ei®ei +^ei®e2®ei,'W3 - e\®e\®e2+^e2®e\®e\+^°'ei®e2®e\;nQ — -e2®e2®e2,ni = 

2 2 

^€2 ® €2® e\ + ^"^ei ® 62 ® ^2 + ^2 ® ^I ® ^2, "2 = ^"^^2 ® 62 ® ei + Ci (8) £2 ® ^2 + ^^2 ® ei ® 62, "3 = 

^62 ®e2®e\ + ^ei ® e2 ® e2 + ^°"e2 ® ei ® £2) in Wq. Then by Corollary 4.1 (3), we know i(co){mi) - «, and 
i((L>){ni) - -m, forO < ; < 3. By calculation 



where A = 



(mo, mo) 

{m3,mo} 
(no, mo) 

<«3,mo) 




<mo,m3) {mo, no) 

{mj,,mj,) {mi, no) 

(no, wis) (no, no) 

(«3,m3) (n3,no) 



(mo,n3) 

{m,nj,) 
(no, n3) 

{m,n3} 



A 
-A 











-Tr^/F(^-) -Tr^/F(^r) -Tr^/FC^D 
-Tr^/^(^r) -Tr^/F(^') -Tr^/FC^D 
I -Tr^/^(^r) -Tr^/F(^r) -Tr^/F(^-) 



P ' \ 

Suppose A = 'PiPi and (go, ■ ■ ■ ,83',hQ,-- ■ , hj) - (mo, ■ • ■ , "^3; no, ■ ■ ■ , n3)P for some P = \ q p-i j- Then: 



<^o,go) 

<^3,§o) 

(ho, go) 



{g(h83) {go, ho) 



igi^gi) 

{hQ,g3} 



{gi,ho} 
{ho, ho) 



{h3,g3} {hi, ho) 









'p-i 



{go,hi) \ I {mo, mo) 

(^3,/!3) {m3,mo) 

{ho, hi) {no, mo) 

{hi, hi) j \ {ni,mo) 
A\l P-^ 



{mo, mi) {mo, no) 



{mi, mi) 
{no, nii) 



{mi, no) 
{no, no) 



A P7 



1 - 



(«3,m3) (n3,«o) 



/ 
-/ 



{mo,ni) 

(m3,«3) 
{no,ni) 

(«3,«3) 



1 / \ " / \ " '1 

i.e. The set [go,-- - ,gi-,ho,--- ,hi} is a symplectic basis of Wo. Moreover i{(jj){go,- - - ,gi-,ho,-- - ,hi) — 
{go, -■- ,gi;ho,--- , hi)p-' J ° j P. And P-I J J j p = J j = oj-^^^^^^^ e GSp(Wo) respect to 
the symplectic basis {go, - ■ - ,gi;ho,--- , hi). 

Now let a = ai^ + a2^'^ + Oi^'^' , = bi^ + b2^'^ + h^'^' e K. Put = {bo,-- - ,bi) and a = (ao, • • ■ ,ai). Then 

[n(cS)F](jy ^ -°o ) ' "^l " ^['('^^^^(("O' • ■ ■ ' "3)'^) 
= ^ ^'((no, ■ ■ ■ , n3)'a, i/')i/'(((no, ■ ■ ■ , n3)'a, WGSp(w„)((no, ■ ■ • , n3)'^j))) 

(«o,--,;i3)'aeJo 

= ^ ^'((no, ■ ■ • , n3)'a, (/')i/r(((no, ■ • ■ , n3)'a, /(w"')[(mo, ■ ■ • , mi)'bY)) 



= q^^ ^ — aoe2 ® 62 ® ^2 + ae2 ® 62® e\ + a°'ei ® 62 ® 62 + a°~ £2 ® e\ ® e2, 4>) 

(no,-- ,ni)'aeYa 

tff{{—aoe2 ® €2 ® 62 + ae2 ® €2® ei + a'^ex ® 62® 62 + a'^ 62® e\ ® 62, 
boe\ ®e]®e] +/3ei ®ei®e2 +/3^e2 ®ei ®ei + ei ® 62 ®ei)) 
— q^' ^ F(—aoe2 ® e2® £2+ ae2 ® 62® ei + a'^ei ® 62 ® £2 + a"^ 62 ® ei ® €2, i//)if/(aobo + Tr^/f (o'/?)) 

aoeF,aeK 
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Finally, we obtain 



aoeF.aeK 



P'eK,y'eF 

4. 10. Appendix 2. We put some calculations for the table in §4.6 in this appendix. From the definition, we see: 



■XXqi^KIFiad)) ^ ^'(0.0;,A)( 



a,deK^ 



,NK,F(ad)-'k 



) 



a,deK'''-,NKiF(ad)=k 



a,d£K^,NKiF{ad)=k 



^(A;)G(o,i;0)^ 



^ 







= 2 a ■ n{t)[a ■ 7r(w)F(o.o;^))( ° J , A 
= Yi XX^qi^KiF{ad)){a-Ti{cD)Fio^o.^)){^ 







el'o 





y'l 

Yj XXqik) - q-Wq(k)iq' - l)(q' + q + ly, 

a.deK'^,NKiF(ad)=k 



Notice: G(o,i;< 







^.,y,,^<pi- Nk/f(/^)) by the formula (22). 
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leT 

2 XX^,(^K/F(adW^oM)(l^Q 



a 
d 



eT 



2 1 = (^3-1X^2 + ^ + 1) 

a 01 

\eT;NK,F(ad)=l 

flj 

A(xio)=A(xoi)=A(3;,) = 0. 



5Uoo) = Z a • ^(OG(o,i;0)((q qI = = B(xifi) 

teT ^ ' 

teT ^ ' 

a.deK'^ ^ ' 



X A-4(Njf/Haflf)) = (^2+^+l)2 

a,deK>'.NKiF{a)=NKiF{d)=l 

B(yk) = ^ » ■ ^(OG(o,i,0)O'/i) 



a.deK" ^ dd'^a"' ' 



a,d£A'>',Ns:/F(a)=I,Ns:/f (£/)=* 
the equality (22) 



a,^^e^:^NJf,f(n)=l,NA7f(^/)=i: 

a,rfeA:>',Nj;/f(a)=I,N;c/F(J)=/(: 

= <p{-K)XxX{k\q^ + q+ If. 



{a ■ 7i{(aj)A)(xqo) = a ■ 7r(w)A(Xio) = a ■ 7t(cj)A(xoi) = q -{q^ - l)(q^ + 9+1) 



a7r(w)A0;,) =;k-;r« W^^'C?' - + 9+1)- 



a ■ n{aj)B(xoo) = q'^ J] 't'^' ^kif(J3')) = q'^iq^ - l)(q^ + q+ l){-q 

a,deKx.NKiF(ad)= Ifi'eK 

^0 <Pi- Nj^/fOS')) + q^+q+l^O,we have 2^,=^ (^(- N;f//rOS)) = -^^ _ 

a ■ K{co)B(xio) = V V cf>(- NK/Fij3'mTrK/F(—^f3') 



^ 0(- Nj,/f (flffif'^a'^>'))0(Tr^/FO8')) 

fl,fl'eA:^,Njc/f(flfl')=I,^'eA: 
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a,deK^,nKiF{ad)=lfi'eK 

" Z Z ^^/f Nj,/f (/?'))0(Tr^/F(y0')) ■■■(*) 

(i) = 0, 2:«,dei^^N.„M)=l 0(-N^/f(flf)N^/f(/3') + Tr^/fOS')) = I:a,dei^^N,„M)=l 1 = - + ? + 1); 

(ii) lfj3' + 0, 

a4^K^ .Nxif(ad)=l 

;eA:x,N,f,f(/)=l JeATx 
- + ^ + 1)(_^2 _ ^ _ 1) = _(^2 ^ ^ ^ ^)2^ 

SO 

(*) = - + q+l)+Yj + ^ + l)'0(Tr^/FOS'))] 

= q'^iq^ + q+ l)(q^ - 1) + (q^ + q + if] = q'^iq^ + q+ ifq = q'^q^ + q+ if. 



a ■ 7r(w)B(xoi) = ^ J] 0(- Nj^/^ O8'))0(Njf/F(a)) 

a,fl'eA:x,Ns7F(ai/)=l ;3'eA: 
= q-^ 2 0(N^/f _ ^) 

a,deK'',Ni:iF(ad)=l 

- ^-2(^2 + ^ + j)(_^2 _ ^ _ ^)(_^2 _ ^) ^ ^ j)(^2 ^ ^ ^ j)2_ 
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